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AN OPERATOR EXTENSION OF CARTWRIGHT-FIELD
INEQUALITY
MAHDI TALEB ALFAKHR, MOHSEN ERFANIAN OMIDVAR, HAMID REZA MORADI,
SILVESTRU SEVER DRAGOMIR
Abstract. We establish an operator extension of the following inequality, due
to Cartwright and Field
1
2
p (1− p) (b− a)
2
max {a, b} ≤ (1− p) a+ pb− a
1−pbp ≤ 1
2
p (1− p) (b− a)
2
min {a, b}
(a, b > 0, p ∈ [0, 1]) .
Applications of this inequality for self-adjoint operators, continuous fields of
operators and unital fields of positive linear mapping are also given.
1. Introduction
As is customary, we reserve m,M for scalars. Other capital letters are used to
denote general elements of the C∗-algebra B (H) of all bounded linear operators
acting on a Hilbert space (H, 〈·, ·〉). An operator A ∈ B (H) is called positive if
〈Ax, x〉 ≥ 0 for all x ∈ H, and we then write A ≥ 0. For self-adjoint operators
A,B ∈ B (H) we say that A ≤ B if B − A ≥ 0. The Gelfand map f (t) 7→ f (A)
is an isometrical ∗-isomorphism between the C∗-algebra C (sp (A)) of continuous
functions on the spectrum sp (A) of a self-adjoint operator A and the C∗-algebra
generated by A and I. If f, g ∈ C (sp (A)), then f (t) ≥ g (t) (t ∈ sp (A)) implies
that f (A) ≥ g (A) (see for instance [12, p. 15]). A linear map φ is positive if
φ (A) ≥ 0 whenever A ≥ 0. It said to be unital if φ (I) = I. Moreover, C ([m,M ])
is the set of all real valued continuous functions defined on an interval [m,M ]. For
more studies in this direction, we refer to [1].
Let A be a positive operator on H. Then for any x ∈ H and a given positive
real number p
〈Apx, x〉 ≤ ‖x‖2(1−p)〈Ax, x〉p, p ∈ (0, 1] (1.1)
and
〈Apx, x〉 ≥ ‖x‖2(1−p)〈Ax, x〉p, p ≥ 1. (1.2)
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McCarthy [9] proved the inequalities (1.1) and (1.2) by using the spectral resolution
of A and the Ho¨lder inequality. There is considerable amount of literature devoting
to the study of Ho¨lder-McCarthy inequality and reverses. In [5, Theorem 3] Fuji
et al. obtained the following interesting ratio inequality that provides a reverse of
the Ho¨lder-McCarthy inequality (1.2) for self-adjoint operator A on H satisfying
0 < mI ≤ A ≤MI
〈Apx, x〉 ≤
(
1
p
1
p q
1
q
Mp −mp
(M −m) 1p (mMp −Mmp) 1p
)p
〈Ax, x〉p,
for any x ∈ H with ‖x‖ = 1, where q = pp−1 , p > 1.
Moreover, Dragomir in [4, Theorem 3.1] obtained the following reverse inequality
under the same conditions
0 ≤ 〈Apx, x〉 − 〈Ax, x〉p
≤ p

1
2
(M −m)
(∥∥Ap−1x∥∥2 − 〈Ap−1x, x〉2) 12
1
2
(
Mp−1 −mp−1) (‖Ax‖2 − 〈Ax, x〉2) 12
≤ 1
4
p (M −m) (Mp−1 −mp−1) ,
for any x ∈ H with ‖x‖ = 1, where p > 1. For other inequalities of Ho¨lder-McCarthy
type, we refer to [6, 7, 8] and references therein.
In 1978, Cartwright and Field [2] obtained the following inequality
1
2
p (1− p) (b− a)
2
max {a, b} ≤ (1− p) a+ pb− a
1−pbp ≤ 1
2
p (1− p) (b− a)
2
min {a, b} (1.3)
for any a, b > 0 and p ∈ [0, 1]. For some recent operator inequalities obtained via
Cartwright and Field inequality see [3].
Several inequalities involving positive linear maps have been recently given in
[10, 11]. Motivated by the above results, in this paper we continue and complement
this research by proving some reverses of Ho¨lder-McCarthy inequality involving
unital positive linear map by use of Cartwright and Field inequality. In Section 2
of this paper, we generalize inequality (1.3). More precisely, we show new versions
of reverse Ho¨lder-McCarthy inequality (Theorem 2.1 and Proposition 2.2). We
begin Section 3 by establishing an operator version of inequality (1.3) involving
continuous fields of operators (see Theorem 3.1). It seems that the inequalities
related to positive linear maps are useful in operator theory and mathematical
physics and are interesting in their own right.
2. Some Reverses of Operator Ho¨lder-McCarthy Inequality
We start our work with the following theorem.
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Theorem 2.1. Let A ∈ B (H) be a self-adjoint with 0 < mI ≤ A ≤ MI and Φ be
a unital positive linear map on B (H). Then
p (1− p)
M
(〈
Φ
(
A2
)
x, x
〉− 〈Φ (A)x, x〉2) ≤ 〈Φ (A)x, x〉 − 〈Φ (A1−p)x, x〉 〈Φ (Ap)x, x〉
≤ p (1− p)
m
(〈
Φ
(
A2
)
x, x
〉− 〈Φ (A)x, x〉2)
(2.1)
for each x ∈ H with ‖x‖ = 1 and p ∈ [0, 1].
Proof. If a, b ∈ [m,M ], then by Cartwright-Field inequality we have
1
2M
p (1− p) (b− a)2 ≤ (1− p) a+ pb− a1−pbp ≤ 1
2m
p (1− p) (b− a)2
for any p ∈ [0, 1].
Fix a ∈ [m,M ] and by using the operator functional calculus for A we get
1
2M
p (1− p) (A2 − 2aA+ a2I) ≤ (1− p) aI + pA− a1−pAp
≤ 1
2m
p (1− p) (A2 − 2aA+ a2I) .
Since Φ is unital positive linear map we have
1
2M
p (1− p) (Φ (A2)− 2aΦ (A) + a2I) ≤ (1− p) aI + pΦ (A)− a1−pΦ (Ap)
≤ 1
2m
p (1− p) (Φ (A2)− 2aΦ (A) + a2I) .
(2.2)
Then for any x ∈ H with ‖x‖ = 1 we have from (2.2) that
1
2M
p (1− p) (〈Φ (A2)x, x〉− 2a 〈Φ (A)x, x〉+ a2I)
≤ (1− p) aI + p 〈Φ (A)x, x〉 − a1−p 〈Φ (Ap)x, x〉
≤ 1
2m
p (1− p) (〈Φ (A2)x, x〉− 2a 〈Φ (A)x, x〉+ a2I) .
(2.3)
By applying again functional calculus we deduce
1
2M
p (1− p) (〈Φ (A2)x, x〉 I − 2A 〈Φ (A)x, x〉+A2)
≤ (1− p)A+ p 〈Φ (A)x, x〉 I −A1−p 〈Φ (Ap)x, x〉
≤ 1
2m
p (1− p) (〈Φ (A2)x, x〉 I − 2 〈Φ (A)x, x〉A+A2) .
Since Φ is unital positive linear map we have
1
2M
p (1− p) (〈Φ (A2)x, x〉 I − 2Φ (A) 〈Φ (A)x, x〉+ Φ (A2))
≤ (1− p) Φ (A) + p 〈Φ (A)x, x〉 I − Φ (A1−p) 〈Φ (Ap)x, x〉
≤ 1
2m
p (1− p) (〈Φ (A2)x, x〉 I − 2Φ (A) 〈Φ (A)x, x〉+ Φ (A2))
for any x ∈ H with ‖x‖ = 1 and p ∈ [0, 1].
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Therefore
p (1− p)
M
(〈
Φ
(
A2
)
x, x
〉− 〈Φ (A)x, x〉2) ≤ 〈Φ (A)x, x〉 − 〈Φ (A1−p)x, x〉 〈Φ (Ap)x, x〉
≤ p (1− p)
m
(〈
Φ
(
A2
)
x, x
〉− 〈Φ (A)x, x〉2)
for any x ∈ H with ‖x‖ = 1 and p ∈ [0, 1]. 
Remark. Let Φ be a identity positive linear map in (2.1), then we have the follow-
ing reverses of McCarty inequality
p (1− p)
M
(〈
A2x, x
〉− 〈Ax, x〉2) ≤ 〈Ax, x〉 − 〈A1−px, x〉 〈Apx, x〉
≤ p (1− p)
m
(〈
A2x, x
〉− 〈Ax, x〉2) (2.4)
for each x ∈ H with ‖x‖ = 1 and p ∈ [0, 1]. Choose p = 12 in (2.4), then
1
4M
(〈
A2x, x
〉− 〈Ax, x〉2) ≤ 〈Ax, x〉 − 〈A 12x, x〉2 ≤ 1
4m
(〈
A2x, x
〉− 〈Ax, x〉2)
for each x ∈ H with ‖x‖ = 1.
On the other hand, if A is a self-adjoint operator satisfying 0 < mI ≤ A ≤MI,
then for every x ∈ H with ‖x‖ = 1 we have〈
A2x, x
〉− 〈Ax, x〉2 ≤ (M −m)2
4
.
Based on this fact and the inequality (2.4), we deduce
〈Ax, x〉 −
〈
A
1
2x, x
〉2
≤ (M −m)
2
16m
for each x ∈ H with ‖x‖ = 1.
Remark. All assumptions as in Theorem 2.1. Another interesting case for Theo-
rem 2.1 is to apply functional calculus for self-adjoint operator B in (2.3). In fact
the following inequality holds for each x ∈ H with ‖x‖ = 1 and p ∈ [0, 1].
1
2M
p (1− p) (〈Φ (A2)x, x〉− 2 〈Φ (B)x, x〉 〈Φ (A)x, x〉+ 〈Φ (B2)x, x〉)
≤ (1− p) 〈Φ (B)x, x〉+ p 〈Φ (A)x, x〉 − 〈Φ (B1−p)x, x〉 〈Φ (Ap)x, x〉
≤ 1
2m
p (1− p) (〈Φ (A2)x, x〉− 2 〈Φ (B)x, x〉 〈Φ (A)x, x〉+ 〈Φ (B2)x, x〉) .
In the following, we give a reverse of AM-GM inequality involving operator norm.
In fact, when the operators A and B are bounded above and below by constants
we have the following result as well:
Remark. Assume that 0 < mI ≤ B ≤ A ≤MI, then
m−M ≤ ‖Φ (A)‖ − ‖Φ (B)‖ ≤M −m
therefore
(‖Φ (A)‖ − ‖Φ (B)‖)2 ≤ (M −m)2.
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If we take a = ‖Φ (A)‖ and b = ‖Φ (B)‖ in (1.3), we get
p (1− p)
2M
(‖Φ (B)‖ − ‖Φ (A)‖)2 ≤ (1− p) ‖Φ (A)‖+ p ‖Φ (B)‖ − ‖Φ (A)‖1−p‖Φ (B)‖p
≤ p (1− p)
2m
(‖Φ (B)‖ − ‖Φ (A)‖)2.
(2.5)
Put p = 12 in (2.5), then
1
8M
(‖Φ (B)‖ − ‖Φ (A)‖)2 ≤ ‖Φ (A)‖+ ‖Φ (B)‖
2
− (‖Φ (A)‖ ‖Φ (B)‖) 12
≤ 1
8m
(‖Φ (B)‖ − ‖Φ (A)‖)2.
(2.6)
By the inequality (2.6) we deduce
‖Φ (A)‖+ ‖Φ (B)‖
2
− (‖Φ (A)‖ ‖Φ (B)‖) 12 ≤ (M −m)
2
8m
. (2.7)
Remark. There are several examples of normalized positive linear maps. But for
our application we consider among them Φ : M2 (C) → M2 (C), which Φ (A) =(
1
2 tr (A)
)
1H for all Hermitian matrices A ∈ M2 (C). From inequality (2.7), we
have
|tr (A)|+ |tr (B)|
2
− (|tr (A)| |tr (B)|) 12 ≤ (M −m)
2
4m
. (2.8)
Remark. Taking Φ (A) =
n∑
i=1
X∗i AXi and Φ (B) =
n∑
i=1
X∗i BXi with X
∗
i Xi = I in
(2.7), therefore∥∥∥∥ n∑
i=1
X∗i AXi
∥∥∥∥+ ∥∥∥∥ n∑
i=1
X∗i BXi
∥∥∥∥
2
−
(∥∥∥∥∥
n∑
i=1
X∗i A
1
2Xi
∥∥∥∥∥
∥∥∥∥∥
n∑
i=1
X∗i B
1
2Xi
∥∥∥∥∥
)
≤ (M −m)
2
8m
.
Now, from a different view point we may state:
Proposition 2.2. Let A,B ∈ B (H) be self-adjoint with 0 < mI ≤ A,B ≤MI and
Φ be a unital positive linear map on B (H). Then
p (1− p)
2M
(
〈Φ (A)x, x〉2 − 2 〈Φ (A)x, x〉 〈Φ (B)x, x〉+ 〈Φ (B2)x, x〉)
≤ (1− p) 〈Φ (B)x, x〉+ p 〈Φ (A)x, x〉 − 〈Φ (B1−p)x, x〉 〈Φ (A)x, x〉p
≤ p (1− p)
2m
(
〈Φ (A)x, x〉2 − 2 〈Φ (A)x, x〉 〈Φ (B)x, x〉+ 〈Φ (B2)x, x〉)
(2.9)
for each x ∈ H with ‖x‖ = 1 and p ∈ [0, 1].
Proof. If we take b = 〈Φ (A)x, x〉 in (1.3) and then applying functional calculus for
the operator B we get
p (1− p)
2M
(
〈Φ (A)x, x〉2I − 2 〈Φ (A)x, x〉B +B2
)
≤ (1− p)B + p 〈Φ (A)x, x〉 I −B1−p〈Φ (A)x, x〉p
≤ p (1− p)
2m
(
〈Φ (A)x, x〉2I − 2 〈Φ (A)x, x〉B +B2
)
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for each x ∈ H with ‖x‖ = 1.
Since Φ is unital positive linear map we have
p (1− p)
2M
(
〈Φ (A)x, x〉2I − 2 〈Φ (A)x, x〉Φ (B) + Φ (B2))
≤ (1− p) Φ (B) + p 〈Φ (A)x, x〉 I − Φ (B1−p) 〈Φ (A)x, x〉p
≤ p (1− p)
2m
(
〈Φ (A)x, x〉2I − 2 〈Φ (A)x, x〉Φ (B) + Φ (B2)) .
Whence
p (1− p)
2M
(
〈Φ (A)x, x〉2 − 2 〈Φ (A)x, x〉 〈Φ (B)x, x〉+ 〈Φ (B2)x, x〉)
≤ (1− p) 〈Φ (B)x, x〉+ p 〈Φ (A)x, x〉 − 〈Φ (B1−p)x, x〉 〈Φ (A)x, x〉p
≤ p (1− p)
2m
(
〈Φ (A)x, x〉2 − 2 〈Φ (A)x, x〉 〈Φ (B)x, x〉+ 〈Φ (B2)x, x〉)
(2.10)
for each x ∈ H with ‖x‖ = 1. 
Remark. If we take B = A in Proposition 2.2, we get
p (1− p)
2M
(〈
Φ
(
A2
)
x, x
〉− 〈Φ (A)x, x〉2) ≤ 〈Φ (A)x, x〉 − 〈Φ (A1−p)x, x〉 〈Φ (A)x, x〉p
≤ p (1− p)
2m
(〈
Φ
(
A2
)
x, x
〉− 〈Φ (A)x, x〉2) .
3. Continuous Field of Operators
Let T be a locally compact Hausdorff space, and let A be a C∗-algebra of op-
erators on a Hilbert space H. We say that a field (At)t∈T of operators in A is
continuous if the function t → At is a norm continuous on T . If in addition µ
is a Radon measure on T and the function t → ‖At‖ is integrable, then we can
form the Bochner integral
∫
T
xtdµ (t), which is the unique element in A such that
ϕ
(∫
T
Atdµ (t)
)
=
∫
T
ϕ (At) dµ (t) for every linear functional ϕ in the norm dual A
∗.
Let (φt)t∈T be a field of positive linear mappings Φt : A→ B from A to another
C∗-algebra B of operators on a Hilbert space K. We say that such a field is
continuous if the function t→ Φt (A) is continuous for every A ∈ A. If in addition
the C∗-algebras are unital and Φt (1) is integrable with integral 1, we say that
(Φt)t∈T is unital.
Utilizing the above facts we prove our main result of this section.
Theorem 3.1. Let A and B be C∗-algebras of operators containing I, T be a
locally compact Hausdorff space equipped with a bounded Radon measure µ such
that µ (T ) = 1. Also let (At)t∈T be a bounded continuous field of positive elements
in A and (Φt)t∈T be a field of positive linear mappings Φt : A → B defined on T .
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Then
1
2
p (1− p) c (m,M)
∫
T
Φt (I)dµ (t)
≤ 1
2
p (1− p)
max {M, 1}
(∫
T
Φt
(
A2t
)
dµ (t)− 2
∫
T
Φt (At) dµ (t) +
∫
T
Φt (I) dµ (t)
)
≤ (1− p)
∫
T
Φt (I)dµ (t) + p
∫
T
Φt (At) dµ (t)−
∫
T
Φt (A
p
t ) dµ (t)
≤ 1
2
p (1− p)
min {m, 1}
(∫
T
Φt
(
A2t
)
dµ (t)− 2
∫
T
Φt (At) dµ (t) +
∫
T
Φt (I) dµ (t)
)
≤ 1
2
p (1− p)C (m,M)
∫
T
Φt (I)dµ (t)
for every p ∈ [0, 1], where
c (m,M) =

(M − 1)2 if M < 1
0 if m ≤ 1 ≤M
(m−1)2
M if 1 < m
and
C (m,M) =

(m−1)2
m if M < 1
1
m max
{
(m− 1)2, (M − 1)2
}
if m ≤ 1 ≤M
(M − 1)2 if 1 < m
.
Proof. If we write the inequality (1.3) for a = 1 and b = z we get
1
2
p (1− p) (z − 1)
2
max {z, 1} ≤ 1− p+ pz − z
p ≤ 1
2
p (1− p) (z − 1)
2
min {z, 1} (3.1)
for any z > 0 and for any p ∈ [0, 1].
If z ∈ [m,M ] ⊂ (0,∞), then max {z, 1} ≤ max {M, 1} and min {m, 1} ≤
min {x, 1} and by (3.1) we get
1
2
p (1− p)
min
z∈[m,M ]
(z − 1)2
max {M, 1} ≤
1
2
p (1− p) (z − 1)
2
max {M, 1}
≤ 1− p+ pz − zp
≤ 1
2
p (1− p) (z − 1)
2
min {m, 1}
≤ 1
2
p (1− p)
max
z∈[m,M ]
(z − 1)2
min {m, 1}
(3.2)
for any z > 0 and for any p ∈ [0, 1].
Observe that
min
z∈[m,M ]
(z − 1)2 =
 (M − 1)
2
if M < 1
0 if m ≤ 1 ≤M
(m− 1)2 if 1 < m
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and
max
z∈[m,M ]
(z − 1)2 =

(m− 1)2 if M < 1
max
{
(m− 1)2, (M − 1)2
}
if m ≤ 1 ≤M
(M − 1)2 if 1 < m
.
Then
min
z∈[m,M ]
(z − 1)2
max {M, 1} =

(M − 1)2 if M < 1
0 if m ≤ 1 ≤M
(m−1)2
M if 1 < m
≡ c (m,M)
and
max
z∈[m,M ]
(z − 1)2
min {m, 1} =

(m−1)2
m if M < 1
1
m max
{
(m− 1)2, (M − 1)2
}
if m ≤ 1 ≤M
(M − 1)2 if 1 < m
≡ C (m,M) .
Using the inequality (3.2) we have
1
2
p (1− p) c (m,M) ≤ 1
2
p (1− p) (z − 1)
2
max {M, 1}
≤ 1− p+ pz − zp
≤ 1
2
p (1− p) (z − 1)
2
min {m, 1}
≤ 1
2
p (1− p)C (m,M)
(3.3)
for any z > 0 and for any p ∈ [0, 1].
Using functional calculus and taking z = At, from (3.3) follows
1
2
p (1− p) c (m,M) I ≤ 1
2
p (1− p) (At − I)
2
max {M, 1}
≤ (1− p) I + pAt −Apt
≤ 1
2
p (1− p) (At − I)
2
min {m, 1}
≤ 1
2
p (1− p)C (m,M) I.
(3.4)
Applying the positive linear mapping Φt and integrating, we obtain
1
2
p (1− p) c (m,M)
∫
T
Φt (I)dµ (t)
≤ 1
2
p (1− p)
max {M, 1}
(∫
T
Φt
(
A2t
)
dµ (t)− 2
∫
T
Φt (At) dµ (t) +
∫
T
Φt (I) dµ (t)
)
≤ (1− p)
∫
T
Φt (I)dµ (t) + p
∫
T
Φt (At) dµ (t)−
∫
T
Φt (A
p
t ) dµ (t)
≤ 1
2
p (1− p)
min {m, 1}
(∫
T
Φt
(
A2t
)
dµ (t)− 2
∫
T
Φt (At) dµ (t) +
∫
T
Φt (I) dµ (t)
)
≤ 1
2
p (1− p)C (m,M)
∫
T
Φt (I)dµ (t) .
Hence Theorem 3.1 is proved. 
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A discrete version of Theorem 3.1 is the following result obtained by taking
T = {1, . . . , n}.
Corollary 3.2. Let A1, . . . , An be positive operators acting on a Hilbert space H
and Φi (i = 1, . . . , n) be positive linear mappings on B (H). Then
1
2
p (1− p) c (m,M)
n∑
i=1
Φi (I) ≤ 1
2
p (1− p)
max {M, 1}
(
n∑
i=1
Φi
(
A2i
)− 2 n∑
i=1
Φi (Ai) +
n∑
i=1
Φi (I)
)
≤ (1− p)
n∑
i=1
Φi (I) + p
n∑
i=1
Φi (Ai)−
n∑
i=1
Φi (A
p
i )
≤ 1
2
p (1− p)
min {m, 1}
(
n∑
i=1
Φi
(
A2i
)− 2 n∑
i=1
Φi (Ai) +
n∑
i=1
Φi (I)
)
≤ 1
2
p (1− p)C (m,M)
n∑
i=1
Φi (I).
By setting Φt (A) = X
∗
i AXi in Corollary 3.2, we find the following result.
Corollary 3.3. Let A1, . . . , An be positive operators acting on a Hilbert space H
with Ai ≥ 0 and X1, . . . , Xn ∈ B (H). Then
1
2
p (1− p) c (m,M)
n∑
i=1
X∗i Xi ≤
1
2
p (1− p)
max {M, 1}
(
n∑
i=1
X∗i A
2
iXi − 2
n∑
i=1
X∗i AiXi +
n∑
i=1
X∗i Xi
)
≤ (1− p)
n∑
i=1
X∗i Xi + p
n∑
i=1
X∗i AiXi −
n∑
i=1
X∗i A
p
iXi
≤ 1
2
p (1− p)
min {m, 1}
(
n∑
i=1
X∗i A
2
iXi − 2
n∑
i=1
X∗i AiXi +
n∑
i=1
X∗i Xi
)
≤ 1
2
p (1− p)C (m,M)
n∑
i=1
X∗i Xi.
Corollary 3.4. If in addition we take
n∑
i=1
X∗i Xi = I, in Corollary 3.3 we deduce
1
2
p (1− p) c (m,M) I ≤ 1
2
p (1− p)
max {M, 1}
(
n∑
i=1
X∗i (Ai − I)2Xi
)
≤
n∑
i=1
X∗i ((1− p) + pAi −Api )Xi
≤ 1
2
p (1− p)
min {m, 1}
(
X∗i (Ai − I)2Xi
)
≤ 1
2
p (1− p)C (m,M) I.
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Remark. If we replace At by Φt (At) in (3.4) and then integrating, we obtain
1
2
p (1− p) c (m,M)
∫
T
Φt (I) dµ (t)
≤ 1
2
p (1− p)
max {M, 1}
(∫
T
Φ2t (At) dµ (t)− 2
∫
T
Φt (At) dµ (t) +
∫
T
Φt (I) dµ (t)
)
≤ (1− p)
∫
T
Φt (I) dµ (t) + p
∫
T
Φt (At) dµ (t)−
∫
T
Φpt (At) dµ (t)
≤ 1
2
p (1− p)
min {m, 1}
(∫
T
Φ2t (At) dµ (t)− 2
∫
T
Φt (At) dµ (t) +
∫
T
Φt (I) dµ (t)
)
≤ 1
2
p (1− p)C (m,M)
∫
T
Φt (I) dµ (t).
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